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ABSTRACT

An iterative method of interpolation based on divided differences

is developed which is about three times as fast as the iterative methods

of Aitken and Neville. The method is extended to numerical differentiation,

with similar improvements over Hunter's extension of the Aitken and

Neville methods.
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Given values of a function f for Xo, xl, x2 ..., divided dif-

ferences are computedfrom

d. = f(x.); i = O, i, 2,
i0 1 "'"

d°

i_ j-i di-l_ 4-i
d..

IO x. - x.
1 1-j

; i = i, 2, 3, .-.; j = i, 2, ..., i

We can arrange these values in a table as follows:

Xo doo

xl dlo d11

x2 d2o _21

x3 d_3 d31

x 4 d4o d_ I

d22

da2 dss

d42 d4s d44

Letting d.o = djj, the polynomial which takes on the values

f(x k) at xk for k = O, i, 2, ..., i is given by
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Yi(X) =

i

aj pj (x),

j=o

po(x) = I,

pj(x) = (x-xo) (x-xl)...{x-xj_l);J= i, 2, ..., i.

This can be written

Yi(X) ,, Yi_l(X) + di Pi(X), i = I, 2, 3, ...

PiCX) = (x-xi.l)Pi.l{X) , i = i, 2, 3, ...

yo_x) = do, po(x) = i

This is a convenient iterative method for interpolating f at

It is approximately three times as fast as the methods of Aitken Ill

and Neville [2]

We rewrite YiCX) and Pi(x) in the forms

i

xj
Pi(x)- _ blj ,

J,.o

i

xj
Yi(X) - _ cij ,

j=o

X,
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and tabulate the coefficients as follows:

boo

blo b11

b2o b21

b3o b31

b4o b41

b22

b32 b33

b42 b43 b44

b.. = l; i = O, l, 2, ...
ll

bio = -b. i = l, 2, 3,i-1,0 xi-1; "'"

bij = bi-l, j-i

Co0

clO Cll

C2o c21

c30 C31

c40 c41

- bi_l, j Xi_l; i = i, 2, 3, ...;

C22

C32 C33

C42 C43 C44

j = l, 2, ..., i-1

cii = di; i = O, l, 2, ...

cij = Ci_l, j + dibij; i = i, 2, 3, .-.; J = O, l, ...,
i-1
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Theiith row of the c-table gives the coefficients of the poly-

nomial cij with values f(x at x - Xk, k = O, l, ..., i.

j=o

If the origin is placed at the point of interpolation, then Cio is

the interpolated value based on the points (x_ f(xk)); k = O, l, ..., i.

m2 Cim is an approximation of the mth derivative at x = O, i.e.,

f_m)(o), based on the same points. If approximations of f(J)(o)L are

not desired for J > m, then it is not necessary to compute bij and

cij for j > m.

This method of iterative numerical differentiation is considerably

faster than that advocated by Hunter [3], which is similar to the

methods of Aitken and Neville for iterative interpolation.

The above algorithm can also be used to solve a set of Vandermonde

equations or to invert a Vandermonde matrix.

The iterated divided difference method of this paper was programmed

by C. R. Herron and applied to the example given by Hunter [3]. The

results were identical.
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